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The interior of Schwarzschild black hole is quantized by the method of loop quantum gravity.
The Hamiltonian constraint is solved and the physical Hilbert space is obtained in the model. The
properties of a Dirac observable corresponding to the ADM mass of the Schwarzschild black hole are
studied by both analytical and numerical techniques. It turns out that zero is not in the spectrum
of this Dirac observable. This supports the existence of a stable remnant after the evaporation of a
black hole. Our conclusion is valid for a general class of schemes adopted for loop quantization of
the model.
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Although the existence of black holes has been sup-
ported by many observations [1, 2], the theoretical study
of black hole (BH) are still far from the end. The im-
portant issues of BH physics concern the singularities
generally existing inside BHs and the final state of BH
evaporation. Both issues are necessarily referred to the
quantum effects of gravity. As a background indepen-
dent approach to quantum gravity, loop quantum grav-
ity (LQG) has been widely studied in the past 30 yeas
[3–7]. Recent works in the symmetry-reduced models of
LQG indicate that the singularity inside a Schwarzschild
BH can be resolved by LQG effects [8–13]. The singu-
larity resolution is also related to the issue of finial state
of BH [14, 15]. However, unlike the singularity problem
which can be discussed with macroscopic BHs, the final
state of BH evaporation should be purely quantum and
thus could not be described by notions of classical geom-
etry. Hence, in order to deal with the issue of BH final
state, it is crucial to come up with some new notions and
techniques of quantum gravity. The idea that there is a
remnant in the final state of BH evaporation was usu-
ally employed to solve the puzzle of information loss [16]
and account for the components of dark matter [17–21].
The information fallen into a BH with matters might be
stored in the remnant after evaporation [22, 23]. More-
over, if a stable remnant existed, the mini primordial BHs
in the early universe could not be completely evaporated.
Then they may contribute to the dark matter [24]. How-
ever, there is no proof so far from some systematic theory
of quantum gravity that the stable remnant of a BH does
exist.
In this letter, we address the issue of BH final state by
the symmetry-reduced model of LQG. By loop quantiza-
tion of the interior of a Schwarzschild BH, a Hamiltonian
constraint operator is obtained. Properties of the opera-
tor are studied. A numerical method to diagonalize the
operator is proposed to solve the quantum Hamiltonian
constraint. An operator corresponding to the Dirac ob-
servable whose classical limit coincides with the mass of
the BH is obtained. The spectrum of this operator is
discrete, and it does not contain zero. Hence our result
implies the existence of a stable BH remnant in the model
of LQG.
The interior of a Schwarzschild BH can be foliated by
spatially homogeneous 3-manifolds Σ of topology R ×
S2. We denote the natural coordinates adapted to the
topology as (x, θ, φ). In order to avoid the divergence of
integration, we introduce a fiducial cell C ⊂ Σ with the
same topology R × S2 but x ∈ (0, L0) and restrict all
integrals in C. Because of the homogeneity, the classical
phase space can be coordinatized by the canonical pairs
(b, pb) and (c, pc). These symmetry-reduced variables are
related to the Ashtekar-Barbero variables (Aia, E
a
i ) of the
gravitational fields as [8]
Aiaτidx
a =
c
L0
τ3dx+ bτ2dθ − bτ1 sin θdφ+ τ3 cos θdφ,
Eai τ
i∂a = pcτ3 sin θ∂x +
pb
L0
τ2 sin θ∂θ − pb
L0
τ1∂φ,
(1)
where τj = −iσj/2 (j = 1, 2, 3) denote the basis of the
Lie algebra su(2) with σj being the Pauli matrix. The
non-vanishing Poisson brackets among the basic variables
are
{c, pc} = 2Gγ, {b, pb} = Gγ, (2)
where G is the gravitational constant and γ is the
Barbero-Immirzi parameter [25, 26]. The Hamiltonian
constraint reads
C[N ] =
8piN
γ2
1
|pb|
√|pc| ((b2 + γ2) p2b + 2bcpc) = 0. (3)
By choosing N = |pb|
√|pc|γ2/(8pi) which is proportional
to the volume of C, we get
C[N ] = h ≡ 2pbbcpc + p2bb2 + γ2p2b = 0. (4)
Note that, if one couples a massless scalar filed ϕ to the
model and use it to deparametrize the system,
√
h would
be the physical Hamiltonian with respect to ϕ.
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2By loop quantization, one can get the kinematical
Hilbert space H˜ for the model of the Schwarzschild inte-
rior as
H˜ = H˜b ⊗ H˜c = L2(RBohr,dµ0)⊗ L2(RBohr,dµ0), (5)
where dµ0 is the Haar measure on the Bohr compactifi-
cation RBohr of R [6]. Let |µ〉 ∈ H˜b and |τ〉 ∈ H˜c be the
canonical basis which diagonalize the momentum opera-
tors pˆb and pˆc. Then the holonomy operators ê±iδbb and
ê±iδcc, with some parameters δb and δc, act on the basis
as translations respectively, i.e.,
ê±iδbb|µ〉 = |µ± 2δb〉, ê±iδcc|τ〉 = |τ ± 2δc〉. (6)
The Hilbert space H˜ is not separable. It is convenient to
choose a separable subspaceH ⊂ H˜ which is preserved by
the basic operators pˆb, pˆc, ê±iδbb and ê±iδcc for some fixed
δb and δc to study their properties. The solutions to the
Hamiltonian constraint will be constructed through the
separable subspace H. Notice that the two parameters
δb and δc can be not only constants but also operators.
The strategies to choose H are adapted to the schemes
to fix δb and δc. This can be done for the µo-scheme
where both δb and δc are constants [8, 9], as well as for
the scheme where δc is constant but δb is a function of
pc and sin(δcc), e.g.,
√
∆/(2pc sin(δcc)) in [11] where ∆
is the area gap given by LQG. In the latter scheme, δb
can also be treated as a c-number if δˆb commutes with
the studied operator. This is the case in our following
analysis. Therefore, although δb is treated as a c-number,
the results are still hold even if it is an operator as in
the latter scheme. Consider the separable Hilbert spaces
Hεbb ⊂ H˜b and Hεcc ⊂ H˜c, spanned by the bases |µ〉 and
|τ〉 with µ = εb + 2nδb and τ = εc + 2kδc for n, k ∈ Z
respectively. The operators that we are going to study
will be restricted in some dense subspaces ofHεbb and (or)
Hεcc .
To study the loop quantization of the Hamiltonian con-
straint, one needs to first regularize the classical expres-
sion corresponding to (4) in the full theory by the Thie-
mann’s trick [8, 11], and then restrict the regularized
expression into the symmetry-reduced model. This pro-
cedure leads to a regularized “Hamiltonian constraint”
hr =
2
δbδc
pb sin(δbb)pc sin(δcc) +
1
δ2b
p2b sin(δbb)
2 + γ2p2b .
(7)
Its constituents pc sin(δcc) and pb sin(δbb) can be quan-
tized respectively as
βˆδb :=
1
2i
(
(pˆb + γ`
2
pb)ê
iδbb − ê−iδbb(pˆb + γ`2pb)
)
,
ξˆδc :=
1
2i
(
(pˆc + γ`
2
pc)ê
iδcc − ê−iδcc(pˆc + γ`2pc)
)
,
(8)
where `p =
√
G~ is the Planck length, b and c are some
constants representing different operator-ordering strate-
gies and their values can be calculated by considering the
commutators [pˆb, ê±iδbb] and [pˆc, ê±iδcc]. One can check
that ξˆδc is essentially self-adjoint, whose domain consists
of the finite linear combinations of the basis |τ〉 in Hεcc .
For a given δb, βˆδb is also essentially self-adjoint with
domain consisting of finite linear combinations of |µ〉 in
Hεbb . Their spectrum are both the entire real line. More-
over, they have both desirable classical limits. For in-
stance, the action of βˆδb on |µ〉 can be approximated by
−iγδb`2psgn(µ)
√|µ|∂µ√|µ| for |µ|  1. Hence βˆδb re-
turns to the Schro¨dinger quantization of pbb in this limit.
Therefore, the classical limit of βˆδb is correct. Similarly,
the classical limit of ξˆδc/δc corresponds to the variable
pcc, and m := cpc/(L0γ) = GM is a Dirac observable
where M is the ADM mass of the Schwarzschild BH [12].
Hence the property of the spectrum mL0γδc of ξˆδc is the
key issue in our following study.
Now let us come back to the Hamiltonian constraint
(7) itself. We obtain the corresponding operator as
hˆ =
2
δbδc
βˆδb ξˆδc +
1
δ2b
βˆ2δb + γ
2pˆ2b . (9)
Because ξˆδc commutes with hˆ, we can replace ξˆδc by its
eigenvalue mL0γδc to consider the operator
hˆ(m) :=
2mL0γ
δb
βˆδb +
1
δ2b
βˆ2δb + γ
2pˆ2b , (10)
defined in the Hilbert space Hεbb for each given δb. The
operator hˆ(m) can be divided into the diagonal part and
the off-diagonal part with respect to the canonical ba-
sis |µ〉. Then one can use the Kato-Rellich Theorem
in [27] to prove that hˆ(m) is essentially self-adjoint with
the domain consisting of finite linear combinations of |µ〉.
Moreover, one can prove that 〈ψ|hˆ(m)|ψ〉 ≥ −L20m2γ2 +
γ2〈ψ|pˆ2b |ψ〉 for all |ψ〉 in the domain of hˆ(m), and the
operator −L20m2γ2 + γ2pˆ2b in the right hand side has un-
bounded discrete spectrum. Thus the operator hˆ(m) has
purely discrete spectrum according to the min-max the-
orem [28]. Let us consider the perturbation of hˆ(m) with
respect to m. Because δb could depend on m, the Hilbert
space H˜εbb where hˆm˜ is defined usually differs from the
Hilbert space Hεbb where hˆ(m) is defined. To compare the
operator hˆm˜ to hˆ(m), we can identify H˜εbb and Hεbb by the
unitary map i : H˜εbb 3 |εb + 2nδ˜b〉 7→ |εb + 2nδb〉 ∈ Hεbb .
Then we may compare the operator ihˆm˜i−1 with hˆ(m).
Suppose that δb is an analytic function of m locally. This
is the case in both schemes that we are considering. Then
by defining a sequence of operators
tˆn =
∑
|µ〉∈Hεbb
1
n!
dn〈µ|i−1hˆm˜i|µ〉
dm˜n
∣∣∣
m˜=m
|µ〉〈µ|,
one can show that for any n ≥ 1, there exist some posi-
tive numbers a and b such that |〈ψ|ˆtn|ψ〉| ≤ a〈ψ|(hˆ(m) +
3L20m
2γ2)|ψ〉+ b〈ψ|ψ〉 for all |ψ〉 in the domain of the op-
erator (hˆ(m)+L20m
2γ2)1/2. Hence, the operators hˆ(m+δm)
for sufficient small δm form a holomorphic family of type
(B) in the sense of Kato [29]. Then each eigenvalue of
hˆ(m+δm) can be obtained through a perturbation around
some eigenvalue ω0 of hˆ
(m). More precisely, if ω0 has the
algebraic multiplicity k, hˆ(m+δm) has exactly k eigenval-
ues (counting multiplicity) near ω0. These eigenvalues
are given by p (≤ k) distinct, single-valued and analytic
functions ω1(δm), · · · , ωp(δm) [28, 29].
To solve the Hamiltonian constraint, it is necessary
to diagonalize the operator hˆ(m). This can be realized
by the approximation of finite-dimensional cut-off. Con-
sider the finite-dimensional Hilbert spaces H(k)b spanned
by the basis |µ〉 ∈ Hεbb with |µ| ≤ 2kδb + εb for a positive
integer k. Let hˆ
(m)
k be the restriction of hˆ
(m) to H(k)b .
Let λ
(k)
n with n ≤ 2k + 1 be the nth eigenvalue of hˆ(m)k
and φ
(k)
n be a corresponding normalized eigenvector. The
eigenvalues are ordered as λ
(k)
1 ≤ · · ·λ(k)n ≤ · · · ≤ λ(k)2k+1.
Then it can be proven that limk→∞ λ
(k)
n =: ωn exists,
and ωn is the nth smallest eigenvalue of hˆ
(m). Addition-
aly, the weak limit point(s) of the sequence {φ(k)n }k≥n
as k → ∞ span the eigenspace of hˆ(m) corresponding to
the eigenvalue ωn for each n. Moreover, for ωn 6= ωn+1,
we have ωn < ωn+1 and σ(hˆ
(m)) ∩ (ωn, ωn+1) = ∅ where
σ(hˆ(m)) denotes the spectrum of hˆ(m). Therefore, for
n  k, the nth smallest eigenvalue and the correspond-
ing eigenvector of hˆ(m) can be well approximated by the
nth smallest eigenvalue and the corresponding eigenvec-
tor of hˆ
(m)
k . Let ε
(k)
n := ‖(hˆ(m) − λ(k)n )φ(k)n ‖. Then the
inequality λ
(k)
n − ε(k)n < λn < λ(k)n + ε(k)n can be used to
control the errors of the numerical calculation. A subtle
issue of the numerical computation would be the choice
of the constant b in (8) and the constant εb used to define
the Hilbert space Hεbb . However, the operator hˆ(m) with
b 6= 0 is different from the operator hˆ(m) with b = 0 by
a small perturbation. Moreover, one can identify Hεbb for
εb 6= 0 with the Hilbert space H0b := Hεb=0b via the uni-
tary map i : Hεbb 3 |εb + 2nδb〉 7→ |2nδb〉 ∈ H0b and com-
pare the operator hˆ(m) in H0b with the operator ihˆ(m)i−1
in which hˆ(m) is defined in Hεbb . The latter one differs
from the former one by a small perturbation. Hence
we will choose b = 0 = εb for our computation with-
out loss of generality. Then the action of hˆ(m) on a state
ψ(η) = 〈2δbη|ψ〉 with η ∈ Z reads
(hˆ(m)ψ)(η) = −1
4
γ2`4p(η + 2)(η + 1)ψ(η + 2)
− iγ2`2pL0m(η + 1)ψ(η + 1)
+
(
1
4
γ2`4p(η + 1)
2 +
1
4
γ2`4p(1 + 4δ
2
bγ
2)η2
)
ψ(η)
+ iγ2`2pL0mηψ(η − 1)−
1
4
γ2`4pη(η − 1)ψ(η − 2).
(11)
For η = 0, both the coefficients of the terms ψ(−1) and
ψ(−2) vanish. Thus given an eigenvector ψ(η) of hˆ(m),
its values for η < 0 decouple from its values for η ≥ 0.
Therefore, the eigenvector ψ(η) can be classified into two
supper-selected sectors. The first sector consists of those
ψ that are vanishing for η < 0, while the second sector
consists of those vanishing for η ≥ 0 1. Let us denote
the eigenvectors in the first and the second sectors as
ψ+ and ψ− respectively. Correspondingly, the eigenval-
ues will be denoted as ω±. It turns out that the state
(Tψ−)(η) := ψ−(−η−1) is an eigenvector of the operator
hˆ(m) + ˆ corresponding to the same eigenvalue ω−, where
ˆψ(η) = −γ4`4pδ2b (2η + 1)ψ(η) is relatively very small
with respect to hˆ(m)ψ(η). Consequently, for any given
ω+ there is a unique adjoint ω− nearby it, where ω− is
also an eigenvalue of the perturbed operator hˆ(m)+ˆ. The
corresponding eigenvectors of the two adjoint eigenvalues
satisfy
ψ+(η) ≈ ψ−(−η − 1). (12)
Now let us solve the Hamiltonian constraint
hˆ|Ψ〉 = 0. (13)
Any state |ψ〉 in the separable Hilbert space H can be
spanned as
|ψ〉 =
∫
R
dm
∑
ωm∈σ(hˆ(m))
ψ(m,ωm)|m,ωm〉, (14)
where σ(hˆ(m)) denotes the spectrum of hˆ(m), and |m,ωm〉
is the common eigenstate of ξˆδc and hˆ
(m) satisfying
ξˆδc |m,ωm〉 = mL0γδc|m,ωm〉,
hˆ(m)|m,ωm〉 = ωm|m,ωm〉.
The eigenstates are normalized as
〈m′, ωm′ |m,ωm〉 = δ(m,m′)δωm,ωm′ ,
where δ(m,m′) is the Dirac δ-distribution and δωm,ωm′ is
the Kronecker delta. Then the action of hˆ on |ψ〉 is given
by
hˆ|ψ〉 =
∫
R
dm
∑
ωm∈σ(hˆ(m))
ωmψ(m,ωm)|m,ωm〉. (15)
Thus the solutions to Eq. (13) take the form
|Ψ〉 =
∫
R
dm
∑
ωm∈σ(hˆ(m))
δωm,0 ψ(m,ωm)|m,ωm〉. (16)
1 For εn 6= 0 or b 6= 0, ψ(η) = 0 becomes ψ(η) 1 correspondingly
for the two sectors.
4Because of the summation over σ(hˆ(m)) and the factor
δωm,0, we only need to consider those m such that 0 ∈
σ(hˆ(m)). Suppose mo satisfy 0 ∈ σ(hˆ(mo)). According
to the properties of hˆ(m), the eigenvalues of hˆ(mo+δm)
for δm  1 can be expanded at mo by a power series
of δm. Together with the fact that σ(hˆ(mo)) is discrete,
the eigenvalues of hˆ(m+δm) are in general not vanishing.
That is, 0 usually may not belong to σ(hˆ(m)). Thus it is
reasonable to expect that there are only countably many
m such that 0 ∈ σ(hˆ(m)). This speculation is confirmed
by our numerical computation in the µo-scheme as well
as the scheme with δb =
√
∆/(2 |m|), as shown in Fig. 1.
Denote each of these m as m
(n)
o with a n ∈ Z and the
set of m
(n)
o as σξ. Then the term δωm,0ψ(m,ωm) in (16)
would vanish for m /∈ σξ. Thus the resulted solutions of
(16) will have vanishing norm for any regular functions
ψ(m,ω). Therefore, ψ(m,ωm) have to be chosen as the
Dirac δ-distributions. Then the solutions to Eq. (16) can
be written as
|Ψ) =
∫
R
dm
∑
n
δ(m(n)o ,m)ψ(m, 0)|m, 0〉. (17)
These |Ψ) are anti-linear functionals on a dense subspace
S ⊂ H, which supports the Dirac δ-distributions. Eq.
(17) gives a projection map
P =
∫
R
dm
∑
n
δ(m,m(n)o )|m, 0〉〈m, 0|
from S to the solution space. Therefore, by the refine al-
gebra quantization procedure [6], the physical inner prod-
uct of two solutions reads
(Ψ1|Ψ2) = 〈ψ1|P|ψ2〉 =
∑
n∈Z
ψ1(m
(n)
o )ψ2(m
(n)
o ), (18)
where the line over a function denotes its complex conju-
gation. Thus the physical Hilbert space of the solutions
is isometric to the Hilbert space
HBH := {f : σξ → C,
∑
n
|f(m(n)o )|2 <∞}, (19)
where the line over a space denotes its completion. The
Dirac observable ξˆδc inH can be promoted to an operator
ξˆ′δc in HBH by the dual action, which gives
(ξˆ′δcf)(m
(n)
o ) = L0γδcm
(n)
o f(m
(n)
o ), ∀ m(n)o . (20)
This formula implies that each m
(n)
o is an eigenvalue of
ξ′δc , and ξ
′
δc
is self-adjoint in HBH with the spectrum
σξ as the closure of σξ. Let us consider the properties
of σξ. Firstly, the identity hˆ(m)ψ = hˆ
(−m)ψ ensures
that −m(n)o ∈ σξ if m(n)o ∈ σξ. Secondly, it is easy to
check that there is no nontrivial state φ ∈ Hεbb such that
βˆδbφ = 0 = pˆbφ. Hence, Eq.(10) implies that 0 /∈ σ(hˆ(0)).
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FIG. 1. Plots of σξ for the µo scheme with δb =
√
∆ (top
panel) and the scheme with δb =
√
∆/(2 |m|) (bottom panel).
As shown in the figure, nearby each value of m
(n)
o there exists
an adjoint value of m
(n′)
o . 0 does not belong to σξ.
Moreover, thanks to the holomorphicity of hˆ(m), for suffi-
cient small δm, each eigenvalue of hˆ(δm) can be obtained
through an analytic perturbation of some eigenvalue of
hˆ(0). This ensures 0 /∈ σ(hˆ(δm)) for all of these δm. There-
fore, we conclude that there exists a gap between the
spectrum σξ and 0, i.e., 0 /∈ σξ.
The numerical result in Fig. 1 shows that the values
of m
(n)
o are discrete and have the following characters.
First, for each m
(n)
o , there exists an adjoint m
(n′)
o nearby
it. This property comes from the symmetry (12) of the
eigenvectors of hˆ(m). Second, the lowest value of |m(n)o |
in σξ turns out to be: |m(lwt)o | = 0.5499 for the µo scheme
and |m(lwt)o | = 0.5362 for the other scheme.
In summary, the interior of the Schwarzschild BH was
quantized by LQG method. By studying the properties
of the Hamiltonian constraint operator hˆ in details, the
physical Hilbert space HBH describing the Schwarzschild
interior was obtained. The spectrum σξ of the Dirac
observable ξˆ′δc in HBH was analyzed by both analytical
and numerical methods. It turns out that 0 is not con-
tained in σξ, i.e., there exists a gap between σξ and 0 in
the schemes that we were considering. Since the classi-
cal limit of ξˆ′δc is proportional to the ADM mass of the
Schwarzschild BH, our result indicates the existence of
the BH remnants after evaporation. Moreover, this con-
5clusion holds for all the schemes such that the length pa-
rameter δb of the holonomy operator is a locally analytic
function of the spectrum parameter m of the kinematical
correspondence ξˆδc of the Dirac observable ξˆ
′
δc
. The BH
remnants predicted by our LQG model lay a theoretical
foundation to consider them as dark matter candidates,
as well as to solve the puzzle of information loss in BH
evaporation.
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